arXiv:1504.08014v3 [math.AC] 29 Dec 2015 


TESTING FOR THE GORENSTEIN PROPERTY 


OLGUR CELIKBAS AND SEAN SATHER-WAGSTAFF 


Abstract. We answer a question of Celikbas, Dao, and Takahashi by es¬ 
tablishing the following characterization of Gorenstein rings: a commutative 
noetherian local ring (i?, m) is Gorenstein if and only if it admits an integrally 
closed m-primary ideal of finite Gorenstein dimension. This is accomplished 
through a detailed study of certain test complexes. Along the way we con¬ 
struct such a test complex that detect finiteness of Gorenstein dimension, but 
not that of projective dimension. 


1. Introduction 

Throughout this paper R denotes a commutative noetherian local ring with 
unique maximal ideal m and residue field k. 

A celebrated theorem of Auslander, Buchsbaum, and Serre Hina tells us that 
R is regular if and only if k has finite projective dimension. Burch [S] p. 947, 
Corollary 3] extended this by proving that R is regular if and only if pd(i?//) < oo 
for some integrally closed m-primary ideal I oi R. 

Auslander and Bridger mm introduced the G-dimension as a generalization of 
projective dimension. fSee l2.3l for the definition.) Analogous to the regular setting, 
the hniteness of G-dimfl(/c) characterizes the Gorensteinness of R. In our local 
setting. Goto and Hayasaka m studied Gorenstein dimension of integrally closed 
m-primary ideals and, analogous to Burch’s result, established the following; see 
the question of K. Yoshida stated in the discussion following [2T1 (1.1)]. 

1.1 1 |211 (1.1)]). Let I be an integrally closed m-primary ideal of R. Assume / 
contains a non-zerodivisor of i?, or R satisfies Serre’s condition (Si). Then R is 
Gorenstein if and only if G-dimfl(i?//) < oo. 

Our aim in this paper is to remove the hypothesis “/ contains a non-zerodivisor 
of R, or R satisfies Serre’s condition (S'!)” from II.ll We accomplish this in the fol¬ 
lowing result and hence obtain a complete generalization of Burch’s aforementioned 
result; see also Gorollarv l4.7l for a further generalization. 

Theorem 14.81 Let I C R be an integrally closed ideal with depth(i?//) = 0^ e.g., 
such that I is m-primary. Then R is Gorenstein if and only z/G-dimi^(i?//) < cx). 
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Our argument is quite different from that of Goto and Hayasaka [2T] since it 
uses G-dim-test complexes. For this part of the introduction, we focus on the case 
of H-dim-test modules, defined next. Note that the pd-test modules (i.e., the case 
where H-dim = pd) are from . 

Definition 1.2. Let H-dim denote either projective dimension pd or G-dimension 
G-dim. Let M be a finitely generated i?-module. Then M is an H-dim-test module 
over R if the following condition holds for all finitely generated i?-modules N: If 
Torf(M, A^) = 0 for all t 0, then H-dimfl(iV) < oo. 

It is straightforward to show that if M is a pd-test i?-module, then it is also 
G-dim-test. Example [3T4] shows that the converse of this statement fails in general. 

As part of our proof of Theorem 14.81 we also answer the following questions; see 
Gorollaries Id.IllR!!) and 13.121 

Question 1.3. Let M he a pd-test module over R. 

(a) Must M be a pd-test module over R7 

(b) {[SI (3.5)]) If G-dim_R(M) < oo, must R be Gorenstein? 

Affirmative answers to Question ll.dllbll under additional hypotheses are in [SI 
(1.3)] and [101 (2.15)]. Also, Majadas [28] gives an affirmative answer to a version 
of Question II. 3 fiai) that uses a more restrictive version of test modules. 

Theorem 14.81 follows from the next, significantly stronger result. 

Theorem 14.41 Let M be a G-dim-test R-module such that Ext)j(M, i?) = 0 for 
t ^ 0. Then R is Gorenstein. 

In turn, this follows from the much more general Theorem 14.11 and Corollarv l4.2l 
which are results for detecting dualizing complexes. 

We conclude this introduction by summarizing the contents of this paper. Sec¬ 
tion [5] consists of background material for use throughout the paper, and contains 
some technical lemmas for later use. In Section [31 we develop foundational proper¬ 
ties of various H-dim-test objects, and answer Question ll.3l And Section|3|contains 
the theorems highlighted above. 

2. Derived Categories and Semidualizing Complexes 

2.1. Throughout this paper we work in the derived category V{R) whose objects 
are the chain complexes of i?-modules, i.e., the i?-complexes X with homological 
differential df: Xi —)• Xi-i. References for this include [T3| |23l |M| |37]. Our 
notation is consistent with [12]. In particular, RHom/j(X, Y) and X Y are the 
derived Horn-complex and derived tensor product of two i?-complexes X and Y. 
Isomorphisms in 'D{R) are identified by the symbol The projective dimension 
and fiat dimension of an i?-complex X G VhiR) are denoted pd^(Ar) and fdi{(Ar). 

The subcategory of ViR) consisting of homologically bounded i?-complexes (i.e., 
complexes X such that Hi(Ai) = 0 for |j| 0) is 'D\,{R). The subcategory of 

21(i?) consisting of homologically finite i?-complexes (i.e., complexes X such that 
H(X) := ©igzHi(X) is finitely generated) is denoted X>(,(i?). 

2.2. A homologically finite i?-complex C is semidualzing if the natural morphism 
R RHomij(C, (7) in 'D{R) is an isomorphism. Eor example, an R-module is 
semidualizing if and only if Homfl;(C', C) = R and Ext)j(C', C) = 0 for i ^ 1. In 
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particular, i? is a semidualizing i?-module. A dualizing R-complex is a semidualiz- 
ing i?-coinplex of finite injective dimension. 

2.2.1. If ii is a homomorphic image of a local Gorenstein ring Q, then R has a 
dualizing complex, by [23l V.IO]. (The converse holds by work of Kawasaki [?7].l 
In particular, the Cohen Structure Theorem shows that the completion R has a 
dualizing complex. When R has a dualizing complex D, and C is a semidualizing 
i?-complex, the dual RHomi{(C, Zl) is also semidualizing over R, by [HI (2.12)]. 

2.2.2. Let (fi-. R ^ S he a flat local ring homomorphism, and let C be a semid¬ 
ualizing i?-complex. Then the S'-complex S (8)^ C is semidualizing, by (H) (5.6)]. 
If the closed hbre S/mS is Gorenstein and R has a dualizing complex D^, then 

:= S is dualizing for S' by [3 (5.1)]. 

Dualizing complexes were introduced by Grothendieck and Harshorne [23]. The 
more general semidualizing complexes originated in special cases, e.g., in [giisi 
dniiig, with the general version premiering in m- The notion of G-dimension, 
summarized next, started with the work of Auslander and Bridger m for modules. 
Foxby and Yassemi [38j recognized the connection with derived reflexivity, with the 
general situation given in [12]. 

2.3. Let C be a semidualizing A-complex and X G V\^{R). Write Gc-dim/{(A) < oo 
when X is “derived C-reflexive”, i.e., when RHom/{(A, C) G Rb(R) and the natural 
morphism X —^ RHom/j(RHom/i(A, C), C) in T>{R) is an isomorphism. In the case 
C = R, we write G-dim/j(A) < oo instead of G/{-dim/{(A) < oo. 

2.3.1. The complex C is dualizing if and only if every R-complex in Vl^{R) is 
derived C-reflexive, by [T^ (8-4)]. In particular, R is Gorenstein if and only if 
every R-complex X G 'RI,{R) has G-dim/i(A) < oo. 

2.3.2. Let R —>■ S be a flat local ring homormorphism. Given an R-complex 
X G R[,(R), one has Gc-dim/j(A) < oo if and only if G 5 ,g,L(^-dims(S A) < oo, 
by [m (5.10)]; see 12.2.21 

Auslander and Bass classes, defined next, arrived in special cases in [iHSj, again 
with the general case described in m- 

2.4. Let C be a semidualizing R-complex. The Auslander class Ac{R) consists of 
the R-complexes X G Rb(Z?) such that C^^X G Rb(R) and the natural morphism 
7 ^ : A — >• RHomi{(C, C Gf) A) in V{R) is an isomorphism. The Bass class Bc{R) 
consists of all the R-complexes A G Rb(Z?) such that RHomi{(C, A) G Rb(Z?) and 
such that the natural morphism : C RHomfl;(C, A) —>■ A in R(R) is an 
isomorphism. 

2.4.1. When R has a dualizing complex D, given an R-complex A G R^(R), 
one has Gc-dimfl(A) < oo if and only if A G .ARHomH(C.D)(-R), by [H (4.7)]; 
this uses I2.2.T] and [^.3.11 which imply that RHom/j(C,il) is semidualizing and 
C ~ RHomR(RHomR(C, R), R). 

2.4.2. Let R ^ 5 be a flat local ring homormorphism. Given an R-complex A, 
one has A G Ac{R) if and only if A G Agig,i^ci^)i by [HJ (5.3.a)]. 

The following two lemmas are proved like [13 (4.4)] and [251 (7.3)], respectively. 
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Lemma 2.5. Let X,P G PiiR) such that P 9^ 0 and pd^(P) < cxd. Let C be a 
semidualizing R-complex. 

(a) The followinq conditions are equivalent: 

(i) X G Ac{R), 

(ii) P®^X G AciR), and 

(iii) RHomfi(P,X) G.4 c(P). 

(b) The followinq conditions are equivalent: 

(i) X G Bc{R), 

(ii) P®\X G Bc{R), and 

(iii) RHom^j(P,X) GPc(i?). 

Lemma 2.6. Let R ^ S be a flat local ring homomorphism such that S/mS is 
Gorenstein. Let X G P{(>S') such that each homology module Hi(X) is finitely 
generated over R. 

(a) One has Gc-dini/{(X) < c» if and only if Gg^j.Q-dim.s{X) < 00 . 

(b) One has G-dimi{(X) < 00 if and only if G-dims{X) < oo- 

The next result, essentially from [8l Theorem 5(ii)], is key for Theorem 14.81 

Lemma 2.7. Let L be an integrally closed ideal such that depth(P//) = 0, and let 
M be a finitely generated R-module. //Tor^(P//, M) = 0 = Tor^j^ (P//, M) for 
some i 1, then pd^(M) ^ i. Ln particular, R/1 is a pd-test module over R. 

Proof. Assume that Torf(P//, M) = 0 = Tor^^(P//, M), and suppose that 
pdfl.(M) > i. The Auslander-Buchsbaum-Serre Theorem states that A: is a pd- 
test P-module, so we assume without loss of generality that / Cm. Hence, we have 
/:m 7 ^Pso/:mCm. From [51 Theorem 5(ii)], we conclude that m/ = m(/: m). 

Claim; /: m = /. One containment (C) is standard. For the reverse contain¬ 
ment, let r G /: m C m. To show that r is in /, it suffices to show that r is integral 
over /, since I is integrally closed. To this end, we use the “determinantal trick” 
from 1231 (1.1.8)]: it suffices to show that (1) we have rm C /m, and (2) whenever 
am = 0 for some a G P, we have ar = 0. For (1), since r is in /: m, we have 
rm C (/: m)m = /m, as desired. For (2), if am = 0, then the fact that r is in m 
implies that ar = 0, as desired. This completes the proof of the claim. 

Now, the fact that depth(P//) = 0 implies that there is an element a: G P \ / 
such that xm C I. In other words, x G {I: m)\L, contradicting the above claim. □ 

2.8. Let / be an integrally closed ideal of P. If one assumes that / is m-primary 
(stronger than the assumption depth(P//) = 0 from Lemma 12.71) then one gets 
the following very strong conclusion. Given a finitely generated P-module M, if 
Torf (P//, M) = 0 for some i 1, then pd^(M) < i, by (TH (3.3)]. 

3. H-dim-TEST Complexes 
I n this section, let (7 be a semidualizing P-complex. 

We now introduce the main object of study for this paper. 

Definition 3.1. Let M G Tf^^R), and let H-dim denote either projective dimension 
pd or Gc-dimension Gc-dim. Then M is an H-dim-test complex over P if the 
following condition holds for all N G P[,(P): If Torf (M, N) = 0 for all f 0, i.e., 
if M (g)^ N G VhiR), then H-dim/{(iV) < 00 . 
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3.2. Let M be an i?-module. A standard truncation argument shows that M is a 
H-dim-test module if and only if it is a H-dim-test complex; see O Proof of (3.2)]. 

3.3. Examples of pd-test modules are given in 12.81 and Lemma 12.71 Note that this 
includes the standard example k = R/m. See also (TUI Appendix A]. 

3.3.1. Given an i?-complex X S if pdfl(A) is finite, then so is Gc-dimi{(A), 

by [m (2.9)]. Thus, if M is a pd-test complex, then it is also a Gc-dim-test, in 
particular, M is a G-dim-test complex. 

3.3.2. If R is G-regular (i.e., if every i?-module of finite G-dimension has finite 
projective dimension), then the pd-test complexes and G-dim-test complexes over 
R are the same. Examples of G-regular rings include regular rings and Cohen- 
Macaulay rings of minimal multiplicity; see |34j . 

3.3.3. Examples of Gc-dim test modules, e.g., of G-dim test modules, that are not 
pd test modules are more mysterious. See Example 13.141 for a non-trivial example. 

3.3.4. Assume that R has a dualizing complex D. A natural candidate for a 
Gc-dim-test complex is = RHomfl(C, £>). Indeed, if Gc-dim/{(A) < oo, then 
X G Aci {R) bv 12.4.11 so by definition we have C'*' X G 'Db(R)- In particular, a 
natural candidate for a G-dim-test complex is D\ see, e.g., Gorollarv 14.51 

However, D can fail to be a G-dim-test complex. Indeed, Jorgensen and §ega [26l 
(1.7)] construct an artinian local ring R with a finitely generated module L that 
satisfies Ext):j(L, i?) = 0 for alH ^ 1 and G-dim/i(L) = oo. Since R is local and 
artinian, it has a dualizing complex, namely D = Efi{k) the injective hull of the 
residue field k. We claim that Torf (£>, L) = 0 for i ^ 1. (This shows that D is not 
G-dim-test over R.) To this end, recall the following for 1: 

Homfl(Torf (D, L), D) ^ Ex4(L, R) = 0. 

The fact that D is faithfully injective implies that Tor^(i4, L) = 0 for i ^ 1. 

3.4. The ring R is regular if and only if every X G T>[,(i?) has pd^(A) < oo. Hence, 
the trivial complex 0 is a pd-test complex if and only if R is regular, equivalently, 
if and only if R has a pd-test complex of finite projective dimension. Similarly, if 
C is a semidualizing i?-complex, then 0 is a Gq-dim-test complex if and only if 
C is dualizing, equivalently, if and only if R has a Gc-dim-test complex of finite 
projective dimension; see l2.3.1] In particular, 0 is a G-dim-test complex if and only 
if R is Gorenstein, equivalently, if and only if R has a G-dim-test complex of finite 
projective dimension. 

We continue with a discussion of ascent and descent of test complexes. 
Theorem 3.5. Let R ^ S be a flat local ring homomorphism, and let M G 7j{(i?). 

(a) If S M is G50L(;i -dim-test over S, then M is Gc-dim-test over R. 

(b) If S (8>^ M is G-dim-test over S, then M is G-dim-test over R. 

(c) If S is pd-test over S, then M is pd-test over R. 

Proof, (jaj) Assume that is a Gg^^L^j-dim-test complex over S. To show that 

M is a Gc-dim-test complex over R, let X G T>l,{R) such that M (8>^ X G T>h{R)- 
By fiatness, the complexes SX, S (8)^ M, and S 8^ (M8^ A) are all in T>l^{S). 
Moreover, we have the following isomorphisms in 'D{S): 

{S 8k M) 8s {S 8k A) ~ (5 8k Ibf) 8 k A ~ S' 8k {M 8k A). 
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As S®\M is a G 5 ^L(;;.-dim-test complex over S, we have G 5 ^L(^-dims(S'(g)^ A) < 
oo. Usingwe conclude that Gc-dim/{(A) < oo, as desired, 
o This is the special case C = R oi part (ja|. 

Argue as in part (jg), using [5J (1.5.3)] in place of l2.3.2l □ 

Note that the conditions on tp in the following three items hold for the natural 
maps from R to its completion R or to its henselization i?^. 

Remark 3.6. Let tp-. i? —>■ S' be a flat local ring homomorphism, and assume that 
the closed fibre S/mS is module-finite over k. Let M G and X G Rb('^) 

such that (S M) X G T’b(S). Let x = xi,..., G m be a generating 
sequence for m, and set K := K^{k), the Koszul complex on x over S. It follows 
that K (g)g ((S M) ( 8 >g X) G 2?b(S). From the following isomorphisms 

K (g)^ ((S (g^ M) (g^ X) ~ (K (g^ X) (g^ (S M) ~ {K X) g^ M 

we conclude that (AT gg X) g^ M G X>b(S)- 

Note that K g]g X G T>l^{R). Indeed, we already have K gg X G X>b(R), so 
it suffices to show that every homology module g^ A) is finitely generated 

over R. We know that Hi(A g^ A) is finitely generated over S. Moreover, it is 

annihilated by (x)S = mS. Thus, it is a finitely generated S/mS-module; since 
S/mS is module finite over fc, each Hi(A g^ A) is finitely generated over k, so it is 
finitely generated over R. 

Theorem 3.7. Let p: R ^ S be a flat local ring homomorphism, and let M G 
Assume that the closed fibre S/mS is Gorenstein and module-finite over k. 

(a) The R-eomplex M is Gc-dua-test if and only if S g^ M is G 5 ,g|L(;;.-dim-test 
over S. 

(b) The R-complex M is G-dim-test if and only if S g^ M is G-dim-test over S. 

Proof. @ One implication is covered by Theorem 13. 51iai) . For the reverse implica¬ 
tion, assume that M is a Gc-dim-test complex over R. To show that S g^ M is a 
Gs®l(^- dim-test complex over S, let A G ^{,{3) such that ( 5 'g^M)g 5 A G 'D\,[S). 
Let X = a;i,..., G m be a generating sequence for m, and set K := A'®(x). By 
Remark [TH we have {K g^ A) g^ M G Rb(R) and K g^ A G 2?b(i?). Since M 
is an Gc-dim-test complex over R, one has Gc-dim/i(A g^ A) < oo. It follows 
from Lemma [2?6l that G 50 L(^-dims(Agg A) < oo. We deduce from [171 (4-4)] that 
G 5 ,g,L(^-dim 5 (A) < oo, as desired. 

([^ This is the special case C = i? of part (jaj). □ 

Here is one of our main results; see also Gorollarv l3.12l and Theorem 14.41 

Theorem 3.8. Let p: (i?, m) —>■ (S', n) be a flat local ring homomorphism, and let 
M G 'DI{R). Assume the induced map R/xa S/mS is a finite field extension, 
i.e., we have mS = n and the induced map R/m —>■ S/mS is finite. Then M is a 
pd-test complex over R if and only if S g^ M is a pd-test complex over S. 

Proof. One implication is covered by Theorem 13. SKci) . For the reverse implication, 
assume that M is a pd-test complex over R. 

Case 1: S is complete. To show that S®\M is a pd-test complex over S, let A G 
T’b(S) such that (Sg^ M) g^ A G T’b(S). Let x = cci,..., G m be a generating 
sequence for m, and set A := A'^(x). It follows that Agg((Sg^M)ggA) G T>b(S). 
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By Remark [321 we have {K (g)g X) M e Vh{R) and K ( 8 )g X G Vl^{R). As M is 
an pd-test complex over i?, we have pd^(Ar (g)g A) < cx). It follows from [TJ (2.5)] 
that pd 5 (Ar ( 8)5 X) < 00 , and [HI (1.5.3)] implies that pd 5 (A) < 00 . 

Case 2: the general case. Case 1 implies that S ( 8 ^ M is a pd-test complex over 
S', i.e., S (85 (S®^M) is a pd-test complex over S. So, S®\M is a pd-test complex 
over S, by Theorem 13. 5l| ci). as desired. □ 

The next example, from discussions with Ryo Takahashi, shows that the hypoth¬ 
esis mS = n is necessary for the conclusion of Theorem 13.81 

Example 3.9. Let /c be a field, R = k and S = klyl/{y'^). Then the natural map 
i? —>■ S is a finite free map since S is free over R with R-basis {1, J/}. Let M = R. 
Then, since R is regular, M is a pd-test module over R. However N = M = S 
is not a pd-test module over S since S is not regular; see 13.41 

On the other hand, we do not know whether or not having a regular closed fibre 
in Theorem 13.81 is sufficient, as we note next. 

Question 3.10. Let ip: (i?,m) —>■ {S,n) be a flat local ring homomorphism, and 
let M G X>(,(R). Assume that S/mS is regular. If M is a pd-test complex over R, 
then must S ( 8 ^ M be a pd-test complex over SI 

The next corollary answers Question II.3llail . 

Corollary 3.11. Let M he an R-module, and set C := R (8^ C. 

(a) The module M is Gc-dim-test over R if and only if M is Gg-dim-test over R. 

(b) The module M is G-dim-test over R if and only if M is G-dim-test over R. 

(c) The module M is pd-test over R if and only if M is pd-test over R. 

Proof. Since R®r M ~ M in 'D\^[R)^ the desired conclusions follow from Theo¬ 
rems 13.71 and 13.81 □ 

The next corollary answers Question ll.3libl) . We are able to improve this result 
significantly in the next section; see Theorem 14.41 and the subsequent paragraph. 

Corollary 3.12. Let M he a pd-test module over R. //G-dim/{(M) < 00 , then R 
is Gorenstein. 

Proof. Corollarv l3.11Ilc| says that M is a pd-test module for R, with G-dim^(M) < 
00 by 12.3.21 Using [S] (1.3)], we conclude that R is Gorenstein, hence so is R. □ 

We end this section by building a module that is G-dim-test but not pd-test; see 
Example 13.141 

Proposition 3.13. Let ip: (A,n,F) R he a fiat local rinq homomorphism, and 
set N := R/nR- R^\F. 

(a) The R-module N is Tor-rigid, i.e., for any finitely generated R-module M, if 
Tor^(M, N) = 0 for some i ^ 1, then Torj*(M, N) = 0 for all j ^ i. 

(b) Let B he a semidualizing A-complex, and set C := R®\ B. If R/nR is Goren¬ 
stein, then N is a Gc-dim-test complex over R. 

(c) If R/nR is Gorenstein, then N is a G-dim-test complex over R. 
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Proof. First, note that we have N := R/nR = R [A/n) = R F ^ R (g)^ F 
since R is flat over A. Furthermore, for every i?-complex M, there are isomorphisms 

M®\N-M®\{R®\F)-M®\F. (3.13.1) 

In particular, one has Torf (M,iV) = Tor)^(M, F) for all i. 

(Jaj) Let M be a finitely generated i?-module. From [29l (22.3)], if Torf (M, F) = 
0, then M is flat over A, so we have Tor^(M, F) = 0 for all j ^ 1. More generally, by 
dimension-shifting, if Torf{M, F) = 0 for some i ^ 1, then we have Tor^(M, F) = 0 
for all j ^ i. Thus, the isomorphism from the previous paragraph implies the desired 
Tor-rigidity. 

® Corollary 13. llfiai) shows that it suffices to show that TV is a ^-dim-test 
complex over R. Note that the induced map A —>■ T? is flat and local with 
Gorenstein closed fibre R/nR. Also, there are isomorphisms in 'D{R): 

R®\{A(^\B) '^R®\B ~R®\ {R ®\B) ~R (g)^ C. 

Thus, we may replace ip with the induced map (p to assume for the rest of the proof 
that A and R are complete. Let be a dualizing A-complex; see l2.2.ll Then the 
F-complex := RiS)\D^ is dualizing for R, bv l2.2.2l Set B^^ := RHom^(F, F'^) 
and ■.= RHomfl;(G, F^), noting that ~ F(g)^ B^ by [121 proof of (5.10)(*)]. 

Let M € F[,(F) such that M ®^TV S Fb(T?). We need to show Gc-dim/i(Tff) < 
oo i.e., that M £ Aci{R)] see l2.4.1l By (13.13.11) . the complex M (g^F is in Fb(T?)- 
Since M is in F(,(F), we conclude that fdA(TlF) < oo by [H (5.5.F)]. It follows 
from [121 (4.4)] that M £ ABt(A), so M £ A/j^L^t(R) = Act(F) by [HI (5.3.a)]. 
([^ This is the special case B = A, hence C = R, oi part ®. □ 

Example 3.14. Let A: be a held. Consider the hnite-dimensional local fc-algebras 
A ■■= k[y,z]/{y,zf and 

R := fc[a;,?/,z]/(a;^2/^z^^/z) ^ A[a;]/(a;2). 

Notice that R is free over A, hence hat. Also, the natural map A —>■ F is local 
with Gorenstein closed hbre R/nR = k[x]/{x‘^); here, as in Proposition 13.131 we let 
n denote the maximal ideal of A. Since the assumptions of Proposition 13.131 are 
satished, the F-module 

TV = F (8 >a fc = F (A/ {y, z)A) ^ R/{y, z)R 

is Tor-rigid and G-dim-test over F. Furthermore, from [9l (4.1)], we know that TV 
is not pd-test. 

Since A is artinian and local, the injective hull = En{k) is a dualizing A- 
module. Thus, the F-module F^ := F (g^ cs F (g^ is dualizing for F, 
bv l2.2.2l We conclude by showing that F^ is also a G-dim-test module that is not 
pd-test and, moreover, is not Tor-rigid. 

Note that A has length 3 and type 2. From this, we construct an exact sequence 
over A of the following form: 


0 ^ k^ -)■ A^ -)■ ^ 0. 


(3.14.1) 
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Indeed, the condition type(A) = 2 says that is minimally generated by 2 ele¬ 
ments. Let A- —5> 0 be a minimal presentation, and consider the correspond¬ 

ing short exact sequence 

0 ^ Ker(p) ^ A- ^ 0. 

From the minimality of the presentation, it follows that Ker(p) C nA ^. Since 

= 0, we conclude that Ker(p) is a fc-vector space, so we need only verify that 
len^(Ker(p)) = 3. This equality follows from the additivity of length, via the 
condition len^(D'^) = len(yl) = 3. 

Since R is flat over A, we apply the base-change functor R — to the se¬ 
quence (|3.14.1I1 to obtain the next exact sequence over R: 

0 ^ ^ R^ ^ ^ 0. 

For any i?-module M, the associate long exact in Torf (M, —) shows that we have 
Torf(M,= TorAi(AL,iV)^ for all z ^ 2. In particular, we have 

Torf (M, D^) = 0 if and only if TorAi(M, N) = 0, for i ^ 2. (3.14.2) 

Claim; is G-dim-test over R. To show this, let M be a finitely generated 
i?-module such that Torf (M, D^) = 0 for z ;S> 0. The display (13.14.21) implies that 
Torf (M, A^) = 0 for z ^ 0. Since N is G-dim-test over R, we have G-dimfl;(M) < 
oo, as desired. 

Glaim; is not pd-test over R. To show this, suppose by way of contradiction 
that is pd-test over R. We show that N is pd-test, contradicting 0 (4.1)]. Let 
M he a finitely generated i?-module such that Torf (M, A^) = 0 for z » 0. The 
display (13.14.21) implies that Torf (M, D^) = 0 for z 0. Since is pd-test, we 
have pd^(M) < oo. Thus, N is pd-test, giving the advertised contradiction, and 
establishing the claim. 

Claim: If M is a finitely generated iZ-module such that Torf (M, D^) = 0 for 
some z ^ 2, then Torf (M, U^) = 0 for all j ^ z. (This shows that is almost 
Tor-rigid.) Since N is Tor-rigid by Proposition 13.13lta| . this follows from (13.14.21) . 

Claim: is not Tor-rigid over R. To this end, we follow a construction 

of [m Chapter 3] and build an i?-module L such that Torf(L,U^) = 0 and 
Torf(L, Z?-^) 7 ^ 0 for all z ^ 2. Let /i ,/2 be a minimal generating sequence for 
Homy 4 (fc,yl) = For instance, /i(l) = y and /2(1) = z will work here. Define 
u\ k ^ A^ hy the formula a i—(/i(a), / 2 (a)). Since k is simple, the non-zero map 
zz is a monomorphism. Let M := Coker(zz). The long exact sequence in Ext^(—, A) 
associated to the sequence 

O^k^A^^M^O (3.14.3) 

shows that Ext^M, A) = 0. 

Set L := R M. To make things concrete, if one uses the specific functions 
fi ! /2 suggested in the previous paragraph, then M has the following minimal free 
presentation over A 

( V ) 

A ^ M ^0 

so L has the following minimal free presentation over R 

(I) 2 

R TA4 if ^ L^O. 
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Now, flat base-change implies that 

Ext^(L, R) = R (g)^ Ext^(M, A) = 0. 

Thus, we have 

Homfi(Torf (D^, L), D^) ^ Ext«(L, R) = 0. 

The fact that is faithfully injective over R implies that Torf (Z)^,L) = 0. 

Since A is not regular, we have pd^(fc) = oo and Torf(fc,/c) ^ 0 for all i > 0. 
Therefore, by (|3.14.3L we conclude that pd^(M) = oo. In particular, this implies 
that Torj^(A:,M) ^ 0. So it follows from (13.14.11) and (13.14.31) that 

Toif {D'^,M) ^ Torf_i(fc3,M) ^ Torf_ 2 (fc^fc) = (Torf_ 2 (fc, fc))^ ^ 0 for alH > 2 
and 

Tor^(£»^, M) ^ Torfik^, M) ^ (Torf (fc, M)f ^ 0. 

Thus flat base-change implies that 

Torf (D^, L)^R^a ToifiD^, M) ^ 0 for all i ^ 2. 

This completes the claim and the example. 

4. Detecting the Dualizing and Gorenstein Properties 

Our next result yields both Theorems 14.41 and 14.81 highlighted in the introduc¬ 
tion. Note that condition ([2) in this result does not assume a priori that R has 
a dualizing complex; however, the result shows that this condition implies that R 
has a dualizing complex. 

Theorem 4.1. Let B, C be semidualizing R-complexes. Let M 0 be a Gs-dim- 
test R-complex sueh t/iat RHom/j(M, (7) € BhiR)- Assume that one of the following 
conditions holds: 

(1) The ring R has a dualizing complex D, and GBt-dimij(G) < oo where := 
RHom/j(i3, D), or 

(2) One has C G Ab(R)- 

Then B C is dualizing for R. 

Proof. (P) Assume that R has a dualizing complex D, and GBt-dimfl(C') < oo. Set 
:= RHom/{(C',D) which is semidualizing bv 12.2.11 Let x = xi,... S m be 
a generating sequence for m, and consider the Koszul complex K := K^{x). Set 
X := K (g^ RHomij(C, E) where E = En^k) is the injective hull of k. 

We note that X is in Indeed, the complex RHomfl(Ar, C) is homologically 

finite since C is. The total homology module H(RHom/{(Ar, C)) is annihilated by 
(x)i? = m, so it is a finite dimensional vector space over k. By Maths duality, the 
total homology module of RHom/i(RHom/{(A', C), E) is also a finite dimensional 
vector space over fc, so we have 

X = RHomfl(G, E) ~ RHomi{(RHom/j(A:, C), E) G Vi{R) (4.1.1) 

by Hom-evaluation [H (4.4)]. 

The assumption RHom/j(M, G) G T>b(R) implies that 

M (g^( RHomfl(G, E) ~ RHomfl(RHomfi(M, C),E) G Vh{R) 

again by Hom-evaluation [H (4.4)]. From this, we conclude that 

M ®\X = M ®\(K RRomniC, E)) K (g^) RRomniC, E)) G Vh{R)- 
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Since M is a G_B-dim-test complex, this implies that G_B-dimfl;(X) < oo. Frorn imi 
we conclude that X G (R), i-e., we have RHomi{(RHom_R(iG, C),E) G Abi (R) 
by (j4.1.ip . Since E is faithfully injective, argue as in the proof of [TTl (3.2.9)] to 
conclude that RHomi{(itr, C) G BBf{R); see also [32l 4.14]. By assumption, we 
have C G so Lemma [23Hbl) shows that C G Bb\{R). 

By assumption, we have Gst-dimfl(C') < oo, so [HI (1.3)] implies that G 
Bc{R)- We conclude from [HI (1-4) and (4.10.4)] that C and B'^ are isomorphic 
up to a shift in 'D{R). Apply a shift to C to assume that C ~ ijl. From [HI (4.4)] 
we have D ^ B (g)^ Rl ~ R C, as desired. 

([2]) Assume now that C G Ab{R)- The completion R has a dualizing complex 
D^, by 12 . 2.11 and the complexes R R and R C are semidualizing over i?, 
bv l2.2.2l We have R g^ M 9 ^ 0 by faithful flatness of R, and the complex R g^ M 
is G^igjL^-dim-test by Theorem I3.7felb Also, by faithful flatness, the condition 
RHom/i(M, C) G Rb(R) implies that 

RHom|j(R g^ M, R g^ C) ~ R g^ RHomK(M, C) G Rb(R) 
by [m (1.9.a)]. 

With (—)f := RHom^(—, R^), we have an isomorphism R g^ R ~ (R g^ R)!"! 
by 12.3.11 In addition, from [HI (5.8)], the assumption C G Ab{R) implies that 
we have R g^ (7 G A^f^i^g{R) = (^)- We conclude from 12.4.11 that 

G(%LB)t-dim^(R gL C) < 00 . 

It follows that condition 0 is satisfied over R. Thus, the R-complex 

(R g^) R) g| (R g^) C) ~ (R g^) R) g^) C cs R g^) (R g^) C) 

is dualizing for R. Note that the condition C G Ab{R) implies by definition that 
Rg^G G VhiR)- Thus, the condition B,C £ 'Rb(R) implies that B®\C G R(,(R). 
From this, the fact that R g^ (R g^ C) is dualizing for R implies that R g^ C is 
dualizing for R, by [5l (5.1)], as desired. □ 

We now give several consequences of Theorem 14.11 Gompare the next result 
to 0 (3.4)]. 

Corollary 4.2. Let M be a G-dim-test R-eomplex. Let C be a semidualizing R- 
complex such that that RHom/j(M, G) G 'DbiR)- Then C is dualizing for R. 

Proof. By 13.41 we assume that M ^0. The desired conclusion follows from Theo¬ 


rem |4H with B = R, once we note that G G Rb(R) = Ar{R). □ 

Corollary 4.3. Let M be a G-dim-test R-complex such that RHomfl;(M, R) G 
'Db{R)- Then R is Gorenstein. 

Proof. Use G = R in Corollarv l4.2l □ 

Theorem 4.4. Let M be a G-dim-tesf R-module such that Ext)^(M, R) = 0 for 
f 0, e.g., with G-dimfl(M) < 00 . Then R is Gorenstein. 

Proof. This is immediate from Corollary 14.31 □ 


We note that the hypotheses of Theorem 14.41 are weaker than those in Corol¬ 
lary 13.121 Indeed, Example 13.141 above exhibits a G-dim-test module that is not a 
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pd-test module. Furthermore, as we noted in 13.3.41 there exist examples of finitely 
generated modules L such that Ext^(L, i?) = 0 for alH ^ 1 and G-dim_R(L) = oo. 

Corollary 4.5. Let C be a semidualizing R-complex. If C is G-dim-test over R, 
then C is dualizing for R. 

Proof. This follows from Corollary 14 .2 1 since RHomH(C', C) ^ R & T>h{R)- Q 

Remark 4.6. In light of Corollary 14. 51 it is worth noting that there are rings with 
semidualizing complexes that are not dualizing and that haye infinite projectiye di¬ 
mension. (In particular, these complexes are neither pd-test nor G-dim-test by l3.3.11 
and Corollary 14. 51 1 The first examples were constructed (though not published) by 
Foxby. See also [12 (7.8)] and [30l[31] . 

It is also worth noting that the conyerse of Corollary 14.51 fails in general by l3.3.41 

Corollary 4.7. Let I C R be an integrally closed ideal such that depth(i?//) = 0, 
e.g., such that I is m-primary, and let C be a semidualizing R-complex. Then C is 
dualizing for R if and only */Gc-dim/j(i?//) < cjo. 

Proof. Note that I is a pd-test by Lemma [2?7l and apply lrTTl and Corollary l4.21 □ 

Recall that the next result has been initially obtained by Goto and Hayasaka m 
( 1 . 1 )] under some extra conditions; see also [32 ( 2 . 2 )]. 

Theorem 4.8. Let I Q R be an integrally closed ideal with depth(i?/J) = 0, e.g., 
such that I is m-primary. Then R is Gorenstein if and only */G-dimij(i?//) < oo. 

Proof. Apply Corollary 14.71 with C = R, or use Theorem 14.41 with Lemma [3771 □ 

We finish this section by giving two examples that show the integrally closed and 
depth hypotheses of Theorem 14.81 are necessary: 

Example 4.9. Let fc be a field and let R = klx, y, z]/(a;^, z^, yz), as in Example 

13.141 Then, since R is Artinian, each proper ideal of R is m-primary but is not inte¬ 
grally closed; see [Ml (1-1.3)(3)]. In particular the principal ideal I of i? generated 
by X is m-primary but not integrally closed. Note that R is not Gorenstein. Also, 
we have G-dim(/) = 0 because the fact that R is of the form A\x\/{x^) implies that 
/ has a complete resolution ■■■^R^R^---. 

Example 4.10. Let fc be a field, set S := fc|a;i, 0 : 2 , 2 : 3 , yi, y 2 , ya], and let I be 
the ideal of S generated by a:iy 2 — a: 2 yi, Xiy^ — x^yi, and X 2 yz — y 2 X 3 . Set R := 
S/I. Then i? is a four-dimensional normal Cohen-Macaulay domain that is not 
Gorenstein; see [22 Theorem (a)]. Let 0 7 ^ / € m. Then the ideal fR of R 
generated by f is integrally closed; see [241 (1.5.2)]. Furthermore pdjfiR/ fR) = 
G-dimR{R/fR) = 1 and depth(i?//i?) = 3. 
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